Abstract-In this paper, the achievable rate and its approximations are studied for an Amplify-and-Forward (AF) relaying system at low signal-to-noise ratio (SNR). To characterize the effect of relay locations, an aggregate channel model with both long-term path loss and short-term fading is used. To consider the effect of channel information at the relay node, instantaneous and average amplification coefficients are applied respectively when evaluating the achievable rate. The optimal power loadings and amplification coefficients to reveal useful insight on the relay operating status for the achievable rate.
I. INTRODUCTION
In relay transmission systems, relay nodes assist the transmission from the source nodes to the destinations. Considerable research effort has been directed to the behaviors on the achievable rate and channel capacity of wireless relay channels [1] - [3] . In [1] , an asymptotic capacity is established as the number of relay nodes in the network goes to infinity. Upper and lower capacity bounds are obtained numerically by convex programming for Gaussian MIMO relay systems with fixed channel gains and Rayleigh fading channels [2] . The capacity of AF relaying systems is considered under adaptive transmission schemes over Nakagami-m fading channels [3] . In [4] , the ergodic capacities for AF relay systems equipped with single antenna and multiple antennas are established. The optimal input covariance matrix and the amplification coefficients at the relay node to achieve the ergodic capacities are derived. However, the paper had focused on the average amplification coefficient (also known as fix gain relaying) and assumed identical noise power at the relay node and the destination. In this paper, we consider both the average and instantaneous amplification coefficient (also known as variable gain relaying) in a generic noise environment and various relay locations. Different noise powers at the relay and the destination are considered and underlying channels undergo long term path loss and short term Rayleigh fading. We focus on the AF protocol, particularly, the protocol proposed in [5] , [6] . The protocol can achieve the optimal diversity-multiplexing tradeoff using Gaussian codes of sufficient length [5] . Our goal is to evaluate the achievable rate at low SNR region to obtain insights on the optimal powering loading and Fig. 1 . A single relay system relay operating status. As the analytic solutions to the achievable rate are difficult to derive, approximations to the rate, the corresponding optimal power loadings, and the optimal amplification coefficients for both types of power constraints are developed. Notation: The Hermitian of matrix A is denoted by A H . Notation A 0 denotes that matrix A is a positive definite. tr(A) denotes the trace of matrix A. An n×n identity matrix is denoted by I n , and 0 stands for an all-zero matrix of appropriate dimensions. E[·] is the expectation operator. log is the logarithm of base 2. Notation n ∼ CN (0, Σ) denotes that vector n is a circular Gaussian vector with zero mean and covariance matrix Σ.
II. SYSTEM MODEL
The representation of a single relay system is given in Fig. 1 . The relay node R assists the transmission from the source node S to the destination node D. The channel gain from the source to destination is denoted by h sd and those from the source to the relay and from the relay to the destination are denoted respectively by h sr and h rd respectively. The signal transmission is carried out in half duplex [5] , [7] . There is a data receiving period for the relay node before it forwards the received data to the destination. The channel gains are independent and identically distributed (i.i.d) zero mean unit variance circular Gaussian and quasi-static Rayleigh fading, i.e., they do not change within one block of observation, and they change to independent values in the next block of transmission.
To take into account the effect of relay locations, an aggregate channel model with both short-term and longterm path loss fading effects in considered. The path loss between nodes A and B is denoted by L AB = K/d that depends on the environment, and α is the path loss exponent. The distances from the source-to-destination (S → D), the source-to-relay (S → R), and the relay-todestination (R → D) can be related to each other through a law of cosines, d
where ψ is the angle between links S → R and R → D. The ratio L = d RD /d SR is introduced to reflect the relative location of the relay with respect to the source and destination. The more smaller this ratio is, the more closely the relay is located to the destination.
The received signals at the destination and relay node in the first time-slot are, respectively, r(1)
, where P s is the power normalizing factor, v(i) and w(i) are, the zero-mean Gaussian noise at the destination and relay node in the ith time-slot, their variances are σ 2 D and σ 2 R , respectively. In the second time-slot, the relay forwards a scaled version of the received signal y to the destination and, in the mean time, the source transmits another symbol. The received signal at the destination in the second time-
, where b is the amplification coefficient at the relay node to guarantee that the average power of the forwarding signals does not exceed the available power. The input-output relation of the system can be written as, r = √ P s Hx + n, where r is the received vector at destination given by
T is the transmitting signal vector, and H is the channel matrix given
and vector
n ∼ CN (0, Σ) is the equivalent noise at the destination,
III. ACHIEVABLE RATE
Suppose that the input signal is zero mean Gaussian with covariance matrix E[xx H ] = Q 0, and the transmission power constraint is tr(Q) ≤ 2. Depending on how much channel information of h SR is available at the relay node, an instantaneous amplification coefficient (variable gain) [5] , [8] or averaged constrained amplification coefficient (fixed gain) [6] , [9] can be defined at the relay node.
• Instantaneous amplification coefficient: If the path loss and channel magnitude |h sr | are known at relay node, the amplification coefficient b can be chosen as
where P r is the transmission power available at the relay node.
• Average amplification coefficient: If only the path loss and second order statistics of h SR are known at relay node, the amplification coefficient b can be chosen as
The achievable rate (bit/s/Hz) [10] for the AF relay system is given by
where E h [·] denotes the expectation taken over all the random channel realization h = (h SD , h SR , h RD ) T , and the maximum is taken over the feasible sets of the input covariance matrix and the amplification coefficient. The optimal covariance matrix to achieve the ergodic capacity is diagonal [4] . The capacity can be further evaluated by
where
D , and γ = 1 is a special case where the noise power at relay node and the destination is identical. Denote |h SD | 2 , |h RD | 2 , and |h SR | 2 by x, y, and z, respectively. The capacity in (4) can be obtained by solving the following optimization problem:
For both the instantaneous and average amplification coefficients, the optimization problem in (5) involves a three dimensional integral which is not a convex function of the amplification coefficient. It seems difficult to find a closed form solution to (5). We seek approximations for the achievable rate at low SNRs.
A. Instantaneous amplification coefficient
If the amplification coefficient at relay node satisfies the instantaneous constraint defined in (1), then at low SNR, the achievable rate can be approximated by
where e = 2.7182, β = Pr/Ps, and
If V 1 (w, q 1 , q 2 ) is neglected, closed form solutions can be derived for the optimal amplification coefficient and power loading to achieve the approximation in (6) . Depending on the relay location and the noise power at relay and the destination, the optimal amplification coefficient and the power loading to achieve the approximated capacity are given by: If
otherwise,b inst = 0,q 1inst = 1.
We have the following observations:
• Depending on the generic noise environment and different relay locations, the optimal amplification coefficient is either equal to the upper bound or to zero. When the optimal amplification coefficient is equal to the upper bound, the relay forwards the received signal from the source node using the maximum available power. When it is equal to zero, the relay remains closed.
• If the relay is on, the optimal power loading to achieve the approximation isq 1inst > 1 (upper bounded by 2 due to the input power constraint). Therefore, the power loading strategy is to allocate more than half of the available transmitting power to the first symbol, which is transmitted to both the destination and the relay so that the reception of this symbol at the destination is reinforced. On the other hand, if the relay is off, the optimal power loading isq 1inst = 1, and the strategy is to equally allocate the available transmitting power between the two symbols transmitted.
B. Average amplification coefficient
If the amplification coefficient at relay node satisfies average constraint defined in (2), then at low SNR, the achievable rate is approximated by
where G1(w, q1, q2) and G2(w, q1, q2) are given by.
If the terms G 1 (w, q 1 , q 2 ) and G 2 (w, q 1 , q 2 ) are neglected in (8) , closed form solutions can also be derived for the optimal amplification coefficient and power loading to achieve the approximation. The optimal amplification coefficient is either equal to the upper bound or zero. However, the conditions to determine the relay operating status are related with relay locations and generic noise environment in a more complicated manner. In addition, they are related to SNR. The detailed expressions for the conditions are omitted due to space limitation (they are reported in [11] . If the relay is on, the optimal power loading for q 1 involves with solving a quadratic equation, q 1avg = 1 +
LRD(LSR+1)+2ρLSRLRD
(ρLSRq1 avg +γ) 2
. The obtained power loading is also a function of SNR (power loading for instantaneous amplification coefficient is not). Similar observations to the instantaneous amplification coefficient relaying holds: if the relay is on, more than half of the available power is allocated in transmitting the first symbol, and if the relay is off, the available power is equally allocated to the two symbols transmitted.
IV. SIMULATION
To verify the derived approximations on the achievable rate, we present simulation results obtained by numerically evaluating (5) and the derived approximations for both the average and instantaneous amplification coefficients. Different Relay locations are simulated by setting different values of L. Unless stated otherwise, the angle between the source-relay and relay-destination links is equal to π/3 and the noise power at the relay node and the destination is identical in the simulations.
Average amplification coefficient: Fig. 2 plots the approximations on achievable rate for systems in which the relay node is placed at an equal distance between the source and the destination. For comparisons, the achievable rate obtained by numerically evaluating (5) is also included and indicated by "exact" in the figure. The approximations neglecting both terms G 1 (w, q 1 , q 2 ) and G 2 (w, q 1 , q 2 ), retaining G 1 (w, q 1 , q 2 ) only, and retaining both G 1 (w, q 1 , q 2 ) and G 2 (w, q 1 , q 2 ) are indicated respectively, by ρ 2 , ρ 3 , and ρ 4 in the figures. It can be observed that the approximations are very accurate for SNR below -10dB. When SNR rises above this region, the approximations loss their accuracy. Fig. 3 plots the optimal amplification coefficient for the exact achievable rate and its approximation. The ratiȏ w =b avg /B avg is plotted in the figure. The figure indicates that the optimal amplification coefficients obtained for the exact achievable rate and its approximation are all equal to the upper bound, which implies that the relay node forwards with full available power for the achievable rate. Fig. 4 plots the optimal power loading of q 1 for the exact achievable rate and its approximation. In both case, the power loading strategy is to allocate more than half of the total available power to transmit x 1 . When SNR is lower than −12 dB, the optimal power loading obtained by approximation is close to that obtained by exact evaluations numerically. Optimal amplification coefficient for average amplification coefficient with L = 1.
Instantaneous amplification coefficient:
Figs. 5 and 6 plot the approximations on the achievable rate for the instantaneous constrained amplification coefficient for systems where the relay node is placed respectively, at the equal distance between the source and the destination and closer to the destination. The figures also suggest that the approximations are very accurate at low SNR.
Relay locations: Fig. 7 plots the exact achievable rates for both the average and instantaneous amplification coefficients at various relay locations. It can be seen that the rate is higher if the relay is closer to the destination than that if relay is either at the middle or closer to the source. This observation is in agreement with that obtained for the conventional multiple-input-multiple-output (MIMO) Rayleigh fading systems, where the achievable rate for a one transmitter two receiver system is higher than that for a two transmitter and one receiver system [10] . It can also be observed that, at low SNR, the instantaneous amplification coefficient does not provide higher capacity than the average amplification coefficient.
Generic noise environment: To illustrate the effect different noise power levels at the relay node, Fig. 8 plots the exact achievable rates for γ = 0.1, 1, 10 for both the average and instantaneous amplification coefficients. Fig. 9 plots the achievable rate and its approximation for average amplification coefficient with relay located at the middle and higher noise power at the relay node with L = 1, γ = 10. Again, the approximations match the exact achievable rate very well.
V. CONCLUSION In this paper, Achievable rate and its approximations are studied for the AF relay system. The optimal power load- ings and amplification coefficients are derived to reveal useful insight on the relay operating status. Simulations verify that the derived approximations are valid for both average and instantaneous amplification coefficients.
